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Abstract
We reconsider the Coleman’s mechanism which is a candidate of the solution to the Cos-
mological Constant Problem. We use the Lorentzian path integral and allow each universe
has a different effective field theory and a vacuum. By using the probability distribution
of coupling constants, it is shown that the cosmological constant of our universe does not
necessary become small due to the effects of other universes.
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1
1 Introduction
Recently, there has been a development [2, 3, 4, 5, 6] about the Cosmological Constant
Problem (CCP) by the context of the Coleman’s baby universe. In [2, 3, 4, 5, 6], the Lorentzian
path integral has been used, and they have assumed that universes connected each other
through the wormhole configurations have the same effective theory. In general, this effective
theory can be different from the Standard Model (SM). They have also defined the wave
function of multiverse, and found that our universe’s density matrix is given by
ρ(a
′
, a) =
∫
d
−→
λ ω(
−→
λ )2|µ|2φ∗0(a
′
)φ0(a)× exp
(∫
da
′′
|µφ0(a
′′
)|2
)
, (1)
where a is the radius of the universe, φ0 is the Wheeler-Dewitt wave function and µ is the
probability amplitude of an universe emerging from nothing. In this set up, they have con-
cluded that the coupling constants of our universe should be fixed at the point in the {λi}
space such that the integrand of Eq.(1) becomes maximum. Especially, it was shown that the
Cosmological Constant (CC) should be zero asymptotically by this requiring. The important
fact is that this conclusion is rather general in that it does not depend on the effective theory
one assumes. Furthermore, it is also argued that other fine tuning problems1 might be solved
by the same mechanism2. In this paper, fascinated by these works, we are trying to general-
ize their formalism in that we consider the possibility such that each universe has a different
effective theory. In the following argument, we will show that, although it is actually possible
to define the path integral of multiverse, the CC of our universe ΛSM does not necessary
become small due to the effects of other universes. This conclusion is an opposition to the
Coleman’s first idea [1] and the above recent works. Making more quantitative argument is
very difficult because we need to know the histories of other universes. In this paper, we as-
sume that macroscopic universes do not depend strongly on the microscopic theory describing
the emergence of universes. As a result, such microscope effects can be represented by the
probability amplitude pα(j,K) with which a single universe having an effective theory α, a
topology K and a vacuum j emerges. The similar approaches are recently discussed in the
context of the eternal inflation. See [18, 19, 20] and the references there in.
This paper is organized as follows. In Section2, we define the multiverse path integral. In
Section3, we construct the wave function of multiverse, and get the probability distribution
as a function of the effective coupling constants by tracing out the number of universes and
their scale factors. In Section4, we study a few examples and see that ΛSM is not necessary
fixed zero due to the effects of other universes.
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Figure 1: An example of a wormhole configuration. Because the typical size of a wormhole is the
Planck scale Mpl, the boundary of the wormhole can be understood as a local operator from the
observers living in a universe.
2 Path Integral of Multiverse
In this section, we define the path integral of the multiverse where each universe can have a
different effective theory. In the usual quantum filed theory, the path integral is defined by
∑
allM
∫
M
DgDφ exp(−SGE − S
M
E ), (2)
where SGE is the Einstein Hilbert action, S
M
E is the general action of the matter fields {φ}
and M is the space-time manifold. The classical solution of the Euclidian gravity is called
wormhole. We make the saddle point approximation of the wormhole configurations; the
above fields can be divided to the classical wormhole configurations and the fluctuations
around them:
gµν(x) = g
(cl)
µν (x) + g˜µν(x) , φ(x) = φcl(x) + φ˜(x). (3)
The important fact is that the fields that make wormholes are common between the universes
connected each other. In this paper, we assume that all the wormholes are produced by the
common fields {φ(c)}. Let us focus on these common fields first. The fluctuations (g˜, φ˜) are
divided into two types:
(I)Fluctuations on the wormhole space time Mworm:
(g(W )µν (x), φ
(W )(x)) , x ∈ Mworm. (4)
(II)Fluctuations on large universes:
(g(c)µν (x), φ
(c)(x)) , x ∈ Mn :=M−Mworm, (5)
where n is the number of the universes. When we integrate out the wormhole fluctuations,
we must care that the boundary fields of these fluctuations are nothing but the fluctuations
1From the observation of the Higgs mass [7, 8], it is argued that there might be no new physics between the
weak and the Planck scale [9, 10, 11, 12, 13].
2Of course, there are many other possibilities such as the multiple point principle [14], the classical conformality
[15] and the asymptotic safety [17] and so on.
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Figure 2: An example of typical wormhole configurations. In general, they can have many legs.
of the n-universes;
(g(W )µν (x), φ
(W )(x))|Mn∩Mworm = (g
(c)
µν (x), φ
(c)(x)). (6)
For example, if we integrate the fluctuations of the wormhole having two legs (see Fig.1), we
obtain the factor
e−2S
(W )
E cij
∫
Mn
dx4
∫
Mn
dy4
√
g(x)
√
g(y)Oi(g(c)(x), φ(c)(x))×Oj(g(c)(y), φ(c)(y)), (7)
where S
(W )
E is the classical wormhole action and O
i(g(c), φ(c)) represents a general local action.
By summing over the all types of wormhole configurations (see Fig.2), we obtain the multiverse
path integral for the common fields:
Z =
∞∑
n=0
∫
Mn
Dg(c)Dφ(c)
∞∑
N2=0
1
N2!
∞∑
N3=0
1
N3!
· · · × exp{−SGE (g
(c), φ(c))− SME (g
(c), φ(c))}
× [
∑
i,j
cij
∫
dx4
∫
dy4
√
g(x)
√
g(y)Oi(g(c), φ(c))Oj(g(c), φ(c)) exp(−2SW )]
N2
× [
∑
ijk
cijk
∫
d4x
∫
d4y
∫
d4z
√
g(x)
√
g(y)
√
g(z)Oi(g(c), φ(c))Oj(g(c), φ(c))Ok(g(c), φ(c)) exp(−3SW )]
N3 · · · ·
:=
∞∑
n=0
∫
Mn
DgDφ
∞∑
N2=0
1
N2!
∞∑
N3=0
1
N3!
· · · exp{−SGE (g
(c), φ(c))− SME (g
(c), φ(c))} × [
∞∏
i=2
S˜Nii ]
=
∞∑
n=0
∫
Mn
Dg(c)Dφ(c) exp{−SGE (g
(c), φ(c))− SME (g
(c), φ(c))−
∞∑
i=2
S˜i}, (8)
4
where
S˜k :=
∑
i1,i2··· ,ik
ci1i2···ik
k∏
j=1
(∫
d4xj
√
g(c)(xj)O
ij(g(c), φ(c)) exp(−SW )
)
:=
∑
i1,i2··· ,ik
ci1i2···ikS
(c)
i1
S
(c)
i2
· · ·S
(c)
ik
,
(9)
and
S
(c)
i :=
∫
dx4
√
g(c)(x)Oi(g(c), φ(c)) exp(−SW ). (10)
Eq.(10) is an ordinary action. Note that one of S
(c)
i is the CC produced by the common
fields: ∫
d4x
√
g(c)(x)Λc. (11)
Besides the above common fields, there are fields {φN} that exist only on N-th universe. We
denote their general action by
SN (g
(c), φ(c), φN ) =
∑
j
bjS
(N)
j (g
(c), φ(c), φN ). (12)
Here {bj} are coupling constants, and we here allow interactions between φ
(c) and φN in
general. Thus, the path integral of the Euclidean multiverse is given by
Z
(E)
Multiverse =
∞∑
n=0
∫
Mn
Dg(c)Dφ(c)
(
n∏
N=1
DφN
)
exp
(
−S(c)(g(c), φ(c))−
∞∑
i=2
S˜i −
n∑
N=1
SN (g
(c), φ(c), φN )
)
.
(13)
Let us assume that our world is described by the Lorentzian counterpart of Eq.(13):
ZMultiverse =
∞∑
n=0
∫
Mn
Dg(c)Dφ(c)
(
n∏
N=1
DφN
)
exp
(
iS(c)(g(c), φ(c)) + i
∞∑
i=2
S˜i + i
n∑
N=1
SN (g
(c), φ(c), φN )
)
.
(14)
Because S˜k is the multi-local action, it seems difficult to analyze Eq.(14). However, if we make
the Fourier transform to exp
(
i
∑∞
i=2 S˜i
)
as a function of {S
(c)
k }, we can rewrite Eq.(14) like
the ordinary path integral form:
ZMultiverse =
∞∑
n=0
∫
Mn
Dg(c)Dφ(c)
(
n∏
N=1
DφN
)∫
d
−→
λ ω(
−→
λ )
× exp
(
iS(c)(g(c), φ(c)) + i
n∑
N=1
SN (g
(c), φ(c), φN ) + i
∑
k
λkS
(c)
k
)
=
∞∑
n=0
∫
Mn
Dg(c)Dφ(c)
(
n∏
N=1
DφN
)∫
d
−→
λ ω(
−→
λ )eiS(g
(c),φ(c),{φN})
=
∫
d
−→
λ ω(
−→
λ )
∞∑
n=0
(
n∏
i=1
Z
(i)
universe
)
, (15)
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where
S(g(c), φ(c), {φN}) = S
(c)(g(c), φ(c)) +
n∑
N=1
SN (g
(c), φ(c), φN ) +
∑
k
λkS
(c)
k (16)
is the total effective action, ω(
−→
λ ) is the Fourier coefficient, and
Z
(i)
universe =
∫
universe
Dg(c)Dφ(c)Dφi exp
(
iS(c)(g(c), φ(c))|universe + i
∑
k
λkS
(c)
i |universe + iSi(g
(c), φ(c), φi)
)
(17)
is the path integral of the i-th universe. Note that the coupling constants of a single universe
are given by {bi, λi}. Especially, the effective CC of the N-th universe is
Λ¯N = ΛN + Λc, (18)
where we have denoted the effective cosmological constant produced by the fields {φN} as
ΛN . In the following discussion, we assume that the universe can be described by its scale
factor a and its effective potential V (a). In this case, Eq.(17) becomes
Z
(i)
universe(af , ai) =
∫
Dpa
∫ t=1,a(1)=af
t=0,a(0)=ai
DaDN exp
(
i
∫ 1
0
dt(paa˙−NH
(i)(λ))
)
, (19)
where N(t) is the lapse function, and H(i)(λ) = −Ga {
1
2p
2
a + V
(i)(a)} is the Hamiltonian of
the i-th universe. By choosing the gauge such that N(t) is a constant and make the variable
change t→ T t, Eq.(19) becomes
Z
(i)
universe(a1, a0) =
∫ ∞
−∞
dT
∫ t=T,a(T )=a1
t=0,a(0)=a0
Da exp
(
i
∫ T
0
dt(paa˙−NH
(i)(λ))
)
=
∫ ∞
−∞
dT 〈a1| exp(−iH
(i)(λ)T )|a0〉
= 〈a1|δ(H
(i)(λ))|a0〉
= 〈a1|δ(H
(i)(λ))
∫ ∞
−∞
|E〉〈E||a0〉
= 〈a1|E = 0〉〈E = 0|a0〉 := φ
(i)
E=0(a1)φ
∗(i)
E=0(a0), (20)
where we have inserted the complete set
1 =
∫ ∞
−∞
|E〉〈E|, (21)
H(i)(λ)|E〉 = E|E〉. (22)
The WKB solution of the zero eigenfunction φ
(i)
E=0(a) for large a is given by [2, 3, 4, 5]
φ
(i)
E=0(a) ≃
1
(Λ¯i)1/4a1/2
exp(i · · · ), (for Λ¯i > 0) (23)
where Λ¯i is the total cosmological constant. Note that Eq.(23) becomes large when Λ¯i is close
to zero.
6
3 Wave Function of Multiverse
In this section, we define the wave function of the multiverse. In general, there can be
many effective theories in which a single universe can live. We label these different theories
by {α} for simplicity. Furthermore, there can be many vacuums within a theory, and we
distinguish them by {j}. Although we do not well understand how a single universe emerges
from nothing, we assume that this can be represented effectively by the probability amplitude
pα(j,K). Namely, pα(j,K) is the amplitude with which a universe having a theory α, vacua
j and topology K emerges. Of course, pα(k,K) should satisfy∑
α,k,K
|pα(k,K)|
2 = 1. (24)
Using pα(k,K), we can define the quantum state of the n universes as follows:
|Ψn〉 =
∫
d
−→
λ pα1(k1,K1)pα2(k2,K2) · · · pαn(kn,Kn)|ǫ1〉|vacuum k1〉 ⊗ |ǫ2〉|vacuum k2〉⊗
· · · ⊗ |ǫn〉|vacuum kn〉 ⊗ ω(
−→
λ )|
−→
λ 〉, (25)
where we have assumed that the initial state of a universe is given by the eigenstate of the
scale factor |ǫ〉. Note that we should take into account the Hilbert space of {λi} because they
are variables now. By using the path integral (20), we can obtain the wave function of the n
universes having coupling constants λi as follows:
Ψn(
−→
λ , a1, · · · , an) = 〈a1| · · · 〈an|〈
−→
λ ‖Ψn〉
= ω(
−→
λ )
n∏
i=1
pαi(ki,Ki)Z
(i)
universe(
−→
λ , ai, ǫi)
= ω(
−→
λ )
n∏
i=1
pαi(ki,Ki)× φ
(i)
E=0(ai)φ
∗(i)
E=0(ǫi). (26)
We can obtain the probability distribution P of coupling constants by tracing out the number
of other universes and their scale factors:
P (
−→
λ , α0, k0,K0) : =
∞∑
n=1
1
n!
∑
K1,··· ,Kn
∑
α1···αn
∑
k1···kn
∫
· · ·
∫ ( n∏
i=0
dai
)
Ψ∗n+1(λ, a0, · · · , an)Ψn+1(λ, a0, · · · , an)
= |pα0(k0,K0)ω(
−→
λ )|2|φ
(α0,k0,K0)
E=0 (ǫ0)|
2 ×
∫
da|φ
(α0,k0,K0)
E=0 (a)|
2
×
∞∑
n=1
1
n!
(∑
K
∑
α
∑
k
|pα(k,K)φ
(α,k,K)
E=0 (ǫ)|
2 ×
∫
da|φ
(α,k,K)
E=0 (a)|
2
)n
7
= |pα0(k0,K0)ω(
−→
λ )|2 × |φ
(α0,k0,K0)
E=0 (ǫ0)|
2 ×
∫
da|φ
(α0 ,k0,K0)
E=0 (a)|
2
× exp
(∑
K
∑
α
∑
k
|φ
(α,k,K)
E=0 (ǫ)pα(k,K)|
2 ×
∫
da|φ
(α,k,K)
E=0 (a)|
2
)
:= f(
−→
λ )× exp(F (
−→
λ )), (27)
where
f(
−→
λ ) := |pα0(k0,K0)ω(
−→
λ )|2 × |φ
(α0,k0,K0)
E=0 (ǫ0)|
2 ×
∫
da|φ
(α0,k0,K0)
E=0 (a)|
2, (28)
and
F (
−→
λ ) :=
∑
K
∑
α
∑
k
|φ
(α,k,K)
E=0 (ǫ)pα(k,K)|
2
∫
da|φ
(α,k,K)
E=0 (a)|
2. (29)
Here, 0 index represents our universe. Eq.(27) has strong peaks where F (
−→
λ ) becomes large.
As well as the previous works [2, 3, 4, 5, 6], we understand that the coupling constants of
our universe are fixed at the point in the {λi} space where Eq.(27) becomes maximum
3.
Generally, there are many local maximums of F (
−→
λ ) because each universe has its own peak
in F (
−→
λ ). These peaks may correspond to our universe’s peak such that the cosmological
constant of our universe becomes small. Although it is very difficult to analyze Eq.(27) gen-
erally, we can consider a few simple cases.
Case(I-A): There is only an unique effective theory, and this theory has an unique vacuum.
This is the simple case discussed in [2, 3, 4, 5, 6], and the probability distribution becomes
|ω(
−→
λ )φ
(K0)
E=0(ǫ0)|
2 ×
∫
da|φ
(K0)
E=0(a)|
2 × exp
(∑
K
|p(K)φ
(K)
E=0(ǫ)|
2 ×
∫
da|φ
(K)
E=0(a)|
2
)
. (30)
Eq.(30) has a maximum such that the integral∫
da|φ
(K)
E=0(a)|
2 (31)
becomes maximum. Actually, since the WKB solution of the wave function of the universe is
given by Eq.(23), one can see that Eq.(31) has a maximum where the cosmological constant
becomes zero. This is the solution to the CCP suggested in [2, 3, 4, 5, 6].
Case(I-B): There is only an unique effective theory, and this theory has many vacuums.
In this case, F (
−→
λ ) becomes
F (
−→
λ ) =
∑
K
∑
k
|φ
(k,K)
E=0 (ǫ)p(k,K)|
2
∫
da|φ
(k,K)
E=0 (a)|
2. (32)
3This is very similar to the relation between a system and its reserver in statistical mechanics; the temperature
of a system is determined by the interaction with the resorver. See Appendix A.
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Figure 3: An example of the hypersurfaces of Case(II). The global maximum is not necessary on
the hypersurface such that the cosmological constant of our universe becomes zero.
The cosmological constant of a single universe living in the vacuum k is given by Eq.(18);
Λ¯k = Λk + Λc.
Using the WKB solution (23), one can see that the integral∫
da|φ
(k,K)
E=0 (a)|
2 (33)
has a peak where Λ¯k → 0. Thus, if p(k,K) dose not so change between universes having dif-
ferent vacuums, each universe has a similar maximum in F (
−→
λ ) because they live in the same
effective theory 4. However, if p(k,K) changes drastically between universes, this mechanism
fails to succeed in general.
Case(II): There are only two effective theories, and each theory has an unique vacuum.
We denote these two theories by A and B, and assume that we live in the A theory (the SM).
In this case, F ({λi}) becomes
F (
−→
λ ) =
∑
K
∑
α=A,B
|φ
(α,K)
E=0 (ǫ)pα(K)|
2
∫
da|φ
(α,K)
E=0 (a)|
2
=
∑
K
(
|pA(K)φ
(A,K)
E=0 (ǫ)|
2
∫
da|φ
(A,K)
E=0 (a)|
2 + |pB(K)φ
(B,K)
E=0 (ǫ)|
2
∫
da|φ
(B,K)
E=0 (a)|
2
)
.
(34)
For simplicity, let us assume that pi(K) =constant. As well as the Case(I), F (
−→
λ ) has maxi-
mums where Λ¯A or Λ¯B become zero. They define two hypersurfaces ΣA and ΣB in the {λi}
4Of course, details are different between universes.
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space. If a global maximum exists on the intersecting surface Σ = ΣA ∩ΣB, we can conclude
that Λ¯A = ΛSM becomes zero. However, if the global maximum exists on ΣB \ Σ, Λ¯A does
not necessary become small. Namely, if the maximum of the other universe is stronger than
that of our universe, {λi} are fixed so that the integral of the other universe∫
da|φ
(B,K)
E=0 (a)|
2 (35)
becomes maximum. As a result, we can not claim the Big Fix of our universe in this case.
One can easily understand that this conclusion is rather general. To make more quantitative
argument, we need to know the other universe’s history, but this is a difficult question.
4 Summary
In this paper, we have discussed the quantum mechanics of multiverse. We have defined the
path integral and the wave function of multiverse where each universe can have a different
effective theory and vacuum. From this point of view, the previous and recent works [2, 3,
4, 5, 6] can be understood as the simple case such that there is a unique effective theory
and vacuum. We have introduced the probability amplitude pα(k,K) and assumed that it
does not depend on parameters {λi} because pα(k,K) should be determined by a microscopic
theory. We have also considered a few special cases, and showed that ΛSM is fixed very small
for the Case(I-A) (and (I-B)), but in more general cases, Eq.(27) does not necessary have a
maximum where ΛSM becomes small. It is very difficult to analyze whether Eq.(27) actually
has such a maximum because we must know the histories of other universes. We think that
it might be interesting to consider Case(II) in detail by assuming that the other theory (B)
is similar to the SM. At any rate, the theory of multiverse and the wormholes is one of the
interesting possibilities to solve the fine tuning problems.
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Appendix A Analogy with Statistical Mechanics
In the statistical mechanics, the thermal equilibrium of the system having the temperature
T can be realized by the interaction between the system and the reservoir. Furthermore, T
is determined by the property of the reservoir. Namely, if we denote the number of state of
the reservoir having the energy E by
ΩR(E), (36)
the temperature of the system is given by
T−1 =
∂
∂E
log(ΩR(E))|E¯ (37)
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where E¯ is the total energy of the system and the reservoir. One can see that this is very
similar to the above argument of multiverse. In fact, for the case of multiverse, the other
universes play roles as a reservoir, and the coupling constants of our universe are determined
by solving the equation
∂P (
−→
λ )
∂λi
= 0, (38)
or, by using Eq.(27)
∂f(
−→
λ )
∂λi
+ f(
−→
λ )
∂F (
−→
λ )
∂λi
= 0. (39)
Thus, we can interpret that we live in the thermal bath of multiverse, and the coupling
constants are like the temperature. Here, the interactions between other universes are caused
by wormholes. For the Case(I-A), because
f(
−→
λ )
|ω(
−→
λ )|2
= F (
−→
λ ), (40)
Eq.(39) leads to
|ω(
−→
λ )|2
(
1 + F (
−→
λ )
) ∂F (−→λ )
∂λi
+ F (
−→
λ )
∂|ω(
−→
λ )|2
∂λi
= 0. (41)
If we can neglect the second term, the coupling constants of our universe is simply determined
by
∂F (
−→
λ )
∂λi
= 0 (for the Case(I-A)). (42)
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